The extended dynamical mean field theory has played an important role in the study of quantum phase transitions in heavy fermion systems. In order to incorporate the physics of unconventional superconductivity, we develop a cluster version of the extended dynamical mean field theory. In this approach, we show how magnetic order and superconductivity develop as a result of intersite spin exchange interactions, and discuss in some detail the form of correlation functions. We discuss the methods that can be used to solve the dynamical equations associated with this approach. Finally, we discuss different settings in which our approach can be applied, including the periodic Anderson model and the extended Hubbard model.
I. INTRODUCTION
Unconventional superconductivity in heavy fermion metals often develops in the vicinity of antiferromagnetic (AF) order [1] [2] [3] . Its understanding is intimately connected with that of the AF quantum critical points (QCPs) 4 . Traditional descriptions of heavy fermion quantum criticality are based on those for purely itinerant magnetism, in terms of the fluctuations of the spin-densitywave (SDW) order parameter [5] [6] [7] . Studies in the recent past have emphasized the "beyond Landau" physics of Kondo destruction [8] [9] [10] . In these studies, considerable progress has been made based on the extended dynamical mean field theory (EDMFT) solution of Kondo lattice models 11 . One of the important questions along this direction concerns the implications of these theoretical studies on the understanding of superconductivity.
The EDMFT approach builds on the dynamical mean field theory (DMFT) 12 , which was developed through the infinite dimensional limit of the Hubbard model 13 . DMFT maps an interacting lattice problem to a single quantum impurity model coupled to a self consistent Weiss field. The latter captures the environment as seen at the single-particle level, and is represented by a fermionic bath. DMFT has made significant contributions to a variety of strongly correlated problems 12 , and has in particular provided significant new insights on the Mott transition.
The EDMFT approach treats intersite density-density or spin-spin interactions, leading to a single impurity model coupled to self consistent fermionic and bosonic baths [14] [15] [16] . It has been extensively applied to the study of AF quantum critical heavy fermion metals 11, [17] [18] [19] [20] . For a Kondo lattice, the EDMFT approach yields a BoseFermi Kondo model (BFKM) with self consistent bosonic and fermionic baths. Kondo destruction arises from this approach. This may be seen already at the level of the BFKM in the absence of self consistency. The coupling of the local moment to the bosonic bath competes with the Kondo effect, i.e. the tendency of singlet formation due to the AF exchange coupling between the local moment and the fermionic bath. When the spectrum of the bosonic bath is sufficiently soft, corresponding to the spectral function being "sub-ohmic", this competition gives rise to the destruction of the Kondo effect, in a way that is associated with the criticality of the BFKM 21 . Studying this type of criticality in a variety of quantum impurity models has led to a number of new insights regarding Kondo destruction QCPs. For the lattice case, through the EDMFT equations, the bosonic spectrum is particularly soft near the AF QCP due to the critical slowing down, and one consistent solution is that the Kondo destruction occurs at the AF QCP. In this manuscript, we develop the formalism necessary to address the issue of unconventional superconductivity. This is done via incorporating intersite correlations within a cluster generalization of EDMFT, that can treat both Kondo destruction criticality and superconductivity.
In DMFT based approaches, incorporating real space correlations beyond a single site have naturally been done with the development of quantum cluster theories 22 . In this case, strongly correlated problems can be mapped to a quantum cluster model with self consistent fermionic baths and the interactions within the cluster are treated exactly. Importantly, dynamical cluster theories incorporate non-perturbative corrections to DMFT without introducing a non-causal self energy 22 . This can be formulated in real space which leads to cluster DMFT (CDMFT) 23 , or in momentum space which is known as the dynamical cluster approximation (DCA) 24 ; there are other cluster embedding schemes possible such as the variational cluster approximation (VCA) 25 . When the Weiss fields are neglected these cluster schemes are no longer self consistent and reduce to cluster perturbation theory (CPT), which approximates lattice quantities by expanding about the isolated cluster limit 26 . A main advantage of dynamical cluster theories is the ability to account for various types of order not possible within DMFT 27 . For example, a four site cluster can treat a dwave superconducting order parameter as well as stripe charge or spin order. Such a pairing mechanism is expected to be appropriate for, e.g., the cuprates and heavy fermion materials. In this case, any superconducting ground state will have cooper pairs formed between sites which can lead to a variety of different pairing symmetries, such as extended s-wave, p-wave or d-wave.
In this manuscript, we present a cluster extended dynamical mean field theory scheme that we dub C-EDMFT. We derive the equations by generalizing ref. 15 to the cluster case using a locator expansion about a dressed cluster limit. We formulate the equations in both real and momentum space. We introduce magnetic order in the same fashion as EDMFT in refs. 18-20 distinct from DMFT, and then generalize this approach to include superconductivity as well. We also construct the pairing correlation functions induced by magnetic interactions in the normal state within this approach. Lastly, we use the formalism to derive effective impurity models associated with strongly correlated problems of central interest. We note that cluster generalizations of the EDMFT have been carried out in various forms in the past [28] [29] [30] . Where there is overlap, our approach is consistent with these formulations. We will make the specific comparisons as we go through the derivation of our approach.
A. Development of Cluster EDMFT
For illustration purposes, we consider a one band Hubbard model with two body intersite interactions on a generic lattice.
where c iσ destroys an electron of spin σ at site i, n i = σ n iσ , and n iσ = c † iσ c iσ . The index α runs over 0, 1, 2, 3, where for α = 1, 2, 3 (or for α = x, y, z) the operator S α i ≡ c † iµ (σ α µν /2)c iν , is the spin operator, where σ α µν is the α-Pauli matrix for α = x, y, z. In addition we consider the charge channel with α = 0, where the operator S 0 i ≡: n i : denotes the normal ordered density : n i := n i − n i . We denote nearest neighbors by i, j and only consider nearest neighbor hopping t ij and two body exchange interaction J α ij . For J α ij = 0, the model reduces to the standard Hubbard model with an onsite Coulomb repulsion of strength U . It is natural to extend these techniques to multi-band models and longer range interactions.
A main focus of this work is a self consistent solution of the single particle Greens function G ijσ (τ ) = − T τ c iσ (τ )c † jσ as well as the spin and charge susceptibilities χ α ij (τ ) = T τ : S α i (τ ) :: S α j : . In general, for the single particle Greens function, a perturbative expansion about the non-interacting limit yields the Dyson equation
where t k is the Fourier transform of t ij = 1/N k e ik·(ri−rj ) t k , µ is the chemical potential, Σ lat (k, iω n ) is the single particle self energy, and we denote fermionic Matsubara frequencies as ω n . Analogous to the single particle Greens function, we introduce a spin and charge self energy M α lat (q, iν) which is defined in terms of each susceptibility as
where J α q is the Fourier transform of J α ij and ν n is a bosonic Matsubara frequency. The spin/charge self energies specify how much their corresponding susceptibilities differ from a Gaussian model where
). In the following we will derive a self consistent C-EDMFT approach to approximate the lattice quantities Σ lat (k, iω n ) and M α lat (q, iν) and in turn the single particle Greens function and spin/charge susceptibilities.
The remainder of the paper is organized as follows. We focus on the C-EDMFT equations in the absence of any order in section II, and those in the presence of magnetic order in section III. We then apply the approach to superconducting order and correlations in section IV. We use the formalism to derive an effective cluster model in section V and discuss alternate approaches and relevant solution methods in VI. Lastly we conclude the paper in section VII.
II. NORMAL STATE IN THE ABSENCE OF BROKEN SYMMETRY
We begin by dividing the lattice of N sites into clusters of size N c , where each lattice site is now labeled by x = r + R, where r labels the cluster and R labels the sites within the cluster (see figure 1 ). In the following we will use upper case latin letters to denote cluster indices (i.e. indices within the cluster) and lower case letters to label each cluster. This is then Fourier transformed to k =k+K, where K is the intra cluster momentum andk the inter cluster momentum. With this notation t ij and J α ij can be written as A RiRj (r i − r j ) = A(r i − r j ), where the bold A denotes a matrix in cluster indices. We then separate t ij and J α ij into intra and inter cluster parts t(r i − r j ) = t c δ ri,rj + δt(r i − r j ),
where t c and J α c are the interactions within the cluster, whereas δt and δJ α are the interactions between clusters, note that by construction δt(0) and δJ α (0) vanish. , where dc is the dimensionality of the cluster. The vector r labels each cluster, while sites within the cluster are labelled by R. Interactions are divided into within the cluster Jc and between clusters δJ, (which is also done for the hopping elements tc and δt.) We have omitted the channel index α for clarity.
A. Real Space Formulation
We will first derive the equations in real space. We first focus on a ground state with no broken symmetry, and will then generalize the equations to the case of magnetic order and superconductivity in sections III and IV. We perform a locator expansion in δt and δJ about the cluster limit 22 . The isolated cluster single particle Greens function and susceptibilities are defined by
rY σ Hc respectively, where H c is the isolated cluster Hamiltonian at cluster r. In the following we consider problems that have translational invariance between clusters which implies each cluster correlation function is identical and we can drop the label r.
We now generalize the effective cumulant expansion of Metzner 31 for the Greens function and Smith and Si 15 for the susceptibilities from a single site to a cluster, which leads to matrix quantities. Along these lines, we introduce the effective cluster Greens function C G (X, Y ; τ ) and spin/charge susceptibilities C χ α (X, Y ; τ ) which are defined as the isolated cluster Greens function and susceptibility (in the α channel) with all local decorations that are irreducible by cutting a single δt and δJ α line respectively (see figure 2 ). The effective cluster correlation functions can be regarded as "dressed" cluster correlation function, generalizing the dressed atom picture 31 to the cluster case. Retaining this class of diagrams can be formally justified in the large dimensional limit after rescaling δt and δJ α by the square root of the coordination raised to the manhattan distance between clusters while keeping the dimension and number of sites in the (6), expanding about the effective cluster limit. Each term is for a specific two body interaction channel index α, (with the index omitted for clarity).
cluster fixed 23 . Performing the locator expansion about the effective cluster correlation functions we arrive at the following Dyson like equations
We note that these are matrix equations and we are using a bold notation to denote matrices in cluster indices. Fourier transforming equations (5) and (6) to inter-cluster momentumk andq we arrive at for the Greens function
and for the susceptibility
Rewriting the Dyson equations for G and χ α in equations (2) and (3) in real space cluster indices we find the self energy and spin/charge self energies arek andq independent respectively, and only depend on cluster indices. We arrive at the following equations for the effective cluster correlation functions
where the free isolated cluster Greens function is g 0 c (iω n ) −1 = (iω n + µ)1 − t c and 1 is the identity matrix in cluster indices.
The fact that both self energies arek andq independent implies they can be calculated by an effective cluster model. The effective cluster model can be obtained through a generalized cavity method 23 , by expanding the partition function in terms of δt and δJ α about a particular cluster o and effectively integrating out all other degrees of freedom. This leads to the cluster action
. (13) We have dropped the cluster label o, defined the isolated cluster action as
and introduced the effective Weiss fields G −1 0,XY and χ −1 0α,XY that are related to lattice quantities by
Where G (o) and χ α(o) are the Greens function and spin susceptibility of the lattice with the cluster o removed, and we have taken the cluster o to be at the origin. Generalizing the arguments of ref. 15 to the case of matrix cluster quantities we can relate G (o) and χ α(o) to the full Greens function and spin/charge susceptibilities to obtain (omitting the frequency labels)
With these relations, equations (5) and (6), as well as the self consistency conditions
the Weiss fields are completely determined by the self energies and the local correlation functions where
We have used equations (5) and (6) to eliminate the dependence on the effective cumulants and use the subscript "loc" denote averages calculated with the effective cluster action in equation (13), which also corresponds to the lattice quantities within the cluster as enforced via the self consistent equations (19) and (20) . One can generalize the arguments of refs. 23,24 to prove that the approach here has manifestly causal self energies for both Σ and M α .
It is useful to consider a few limiting cases of the above equations. First, we note that setting G
0α (iν n ) = 0 implies the effective cluster correlation functions reduce to the isolated cluster quantities, and the self energies are then completely determined by solving the isolated cluster problem. Therefore, in the absence of Weiss fields this approach reduces to CPT for both G ij and χ α ij and is no longer self consistent. This clarifies the meaning of keeping all local decorations for C G and C χ α and is necessary to properly introduce the dynamical Weiss fields. In the limit of one site in the cluster N c = 1, the equations reduce to EDMFT; this underscores the fact that the cluster theories incorporate spatial fluctuations beyond standard dynamical mean field theories. Lastly, in the limit of large cluster sizes, N c → ∞ the theory becomes exact. In this sense, extended dynamical cluster theories interpolates between the EDMFT and the exact answer as the cluster size is increased.
After self consistency has been reached it is possible to restore translational invariance to the self energies and thereby the correlation functions by interpolating the cluster quantities. Since the self energies are only defined for sites within the cluster (or cluster momentum) the interpolation scheme must respect the symmetry of the original lattice. Following ref. 22 , after the self consistent solution has been reached we interpolate the cluster self energies to obtain the lattice quantities with the estimation
We then use these to determine the lattice Greens function and spin susceptibility in equations (2) and (3).
Other interpolation schemes are possible as described in ref. 32 , where each scheme preserves the symmetry of the lattice. Our equations without restoring the translational invariance have some similarities with those of ref. 29 , which invoked a different procedure. Namely, a HubbardStratonivich transformation decouples the inter site two body interaction term, and the Hubbard-Stratonivich field becomes a self consistent dynamic bosonic Weiss field in the cluster limit. We also note that, in the absence of conduction electrons similar equations for the self consistent bosonic bath appeared in the construction for spin only models in ref. 30 .
B. Momentum Space Formulation
The momentum space construction parallels the DCA formulation, which restores translation symmetry by giving the cluster periodic boundary conditions 24 . This is achieved by modifying the cluster Fourier transform to
In the following we will refer to this as the DCA Fourier transform. This leads to periodic boundary conditions in the cluster and a coarse graining of the cluster quan-
and in turn, the inter-cluster quantities become δtk +K = tk +K −t K and δJ
Applying the DCA Fourier transform to equations (5) and (6) leads to matrix equations that are diagonal in momentum space. Here we specify the equations for the spin susceptibility, with the equations for the Greens function being identical in form to those of DCA. We have a Dyson like equation
with an effective spin cumulant
The Weiss field is specified by
with the self consistent equation
Lastly, the cluster action is now diagonal in cluster momentum, which leads to
where the isolated cluster action [in equation (14) ] is written in cluster momentum S
. These equations are similar to those of ref. 28 , where the EDMFT approach was adopted through a HubbardStratonivich transformation that decouples the intersite interaction terms, and then the DCA approach is applied.
III. MAGNETIC ORDER
Before we discuss the cluster generalization of symmetry broken phases within EDMFT, we find it very useful to review the different schemes used to introduce magnetic order in the single site case. In the context of the EDMFT, there are two ways to introduce magnetic order into the system, namely whether or not the magnetic order parameter polarizes the single particle Weiss field G 0,σ to polarize amounts to keeping the particle hole bubble contribution, [χ ph (q, ω)]
, to the spin susceptibility 12 (where the particle hole bubbles are constructed using the full lattice and local Greens function respectively obtained with DMFT and the brackets [. . . ] denote a matrix form 15 ). Within the context of DMFT, such a term will exist due to the distinction between "normal" and "special" q's; cf. ref. 12. However, due to promoting J ij to the same level as t ij within the EDMFT, there are no special q's allowed, since this would make J(q) ∼ O( √ d) which would diverge in the large d limit. The absence of any special q's implies [χ ph (q, ω)] −1 = [χ ph,loc (ω)] −1 , and the particle hole bubble contribution vanishes 15 . Keeping the particle hole bubble within the EDMFT amounts to double counting contributions from the spin-spin interaction 33 . In the following section, we focus on the cluster EDMFT case. This is to be contrasted with DCA, which parallels DMFT and therefore retains the distinction between special and genericq's and a similar particle hole contribution to the spin susceptibility, namely [χ ph (q, ω)] −1 −[χ ph,loc (ω)] −1 (here the particle hole bubble is constructed with the full single particle lattice and local cluster Greens function respectively, obtained within DCA and the bold denotes matrices in cluster momentum) 22 . As in EDMFT, the cluster EDMFT promotes δJ to the same level as δt. Generalizing the EDMFT argument 15 to the cluster case we conclude that there should only be genericq's. This amounts to not allowing the single particle Weiss field G −1 0σ to polarize (i.e. is σ independent), and is equivalent to the suppression of the particle hole bubble contribution.
We now consider magnetic order with an ordering wave vector q = q or ≡q or + Q or within the channel α = λ with λ = 0. The cluster chosen must be large enough to accommodate the type of magnetic order under consideration, for example a four site cluster can describe the collinear AF order with q or = (0, π) whereas a two site cluster can only treat either ferro-or AF order. This then implies that the order pattern within each cluster must be the same and thereforeq or = 0.
We will consider the equations in real space and momentum space consecutively. After separating J α ij into inter-and intra-cluster parts we treat the cluster interactions exactly and normal order the interaction between clusters, via S 
and the local magnetic field is determined self consistently from In momentum space, this approach amounts to adding to the action
Now the local field is given by
where M = S λ Qor C and in this case the inter-cluster interaction is δJ
Qor where we have coarse grained the cluster interaction as described previously.
It is useful to note that, in the limit of no dynamical Weiss field, the mean field equations for the self consistent field h loc reduce to that of cluster Weiss mean field theory. Here, the dynamical Weiss field renormalizes the static field due to the dynamical interactions mediated by χ −1 0λ .
A. Alternate Derivation of Spin Susceptibility
In the following section, we use the self consistent equations that incorporate magnetic order to provide an alternative way of deriving the lattice spin susceptibility at an ordering wavevector Q or , which we define as χ z (Q or , iν n ) ≡ χ or (iν n ). This approach will also provide insight into the way a superconducting long range order can be incorporated in C-EDMFT. In order to treat an ordering wave vector more naturally, we will consider the momentum space formalism.
In order to ease the notation in the following subsection we use a subscript to denote each Matsubara frequency, e.g. S α i,n (iν n ) = S α i,n . First we observe that if we include a dynamic source field for each Matsubara frequency iν n , 
with h loc,n = − δJ
Qor,n . We introduce an additional term, S L , to the lattice action which couples the λ = z component of the spin operators at wavevector ±Q or to a dynamic source field
Mapping this into the cluster action, and assuming that the Weiss fields cannot be polarized (due to the absence of any specialq's), we end up adding only one extra term S 1 to equation (34) , namely
The self consistency between the lattice and the cluster quantities implies the following.
Here . . . C and . . . L denote averaging over cluster action of equation (36) and the lattice action with the additional source field term S L and S 1 respectively. To stress that the expectation value S z Qor,n C is calculated self consistently we define S z Qor,n C ≡ f n ( S z Qor,n C , h Qor,n , h −Qor,−n ). Differentiating both sides of equation (39) with respect to h Qor,n at h ±Qor,±n = 0, the right-hand side gives the lattice correlation function,
Whereas the left-hand side gives the cluster correlation function, using
and,
where we have defined χ z loc (Q or , iν n ) ≡ χ loc,or (iν n ) as the local spin susceptibility in the ordering channel Q or . We also have d S z Qor,n C /dh Qor,n = N c /N χ or (iν n ) because of eq. (39) and eq. (40) . Finally, we can solve for χ or (iν n ) by combining eq.(39) through eq. (44) 1/χ or (iν n ) = χ
We immediately recognize this result as the C-EDMFT self-consistent equation for the spin susceptibility at the ordering wavevector Q or and spin component z. Most importantly, this result indicates that a non-polarized Weiss field is consistent with the C-EDMFT treatment. We will show in the appendix how the additional particle hole bubble contribution to the expression for χ or , forbidden by the absence of specialq's, is introduced if we allow the Weiss field to be polarized. These considerations have important implications for the incorporation of superconductivity into the formalism, which we turn to in the following section.
IV. SUPERCONDUCTIVITY
We now apply the approach to the study of superconductivity, with the pairing driven by the spin-spin interaction in equation (1) . We first focus on an AF Ising interaction with J z ij ≡ J ij > 0 and set the other J α ij to zero. The AF interaction J ij favors pairing of electrons with opposite spins; a parallel consideration can be made for the case of ferromagnetic interactions, which favors pairing between electrons of the same spins. We then discuss the case of a full AF Heisenberg interaction, where J a ij ≡ I ij > 0 are the same for a = 1, 2, 3. Following the discussion of magnetic order in section III, in the context of pairing, the absence of special q's implies we should not include a contribution from the particle particle bubble in the susceptibility. This amounts to not allowing the conduction electron band to become "polarized" by a finite superconducting order parameter. In the appendix, we also discuss what happens when the conduction electrons are allowed to be pair-polarized.
A. Ising Spin Interaction
Conceptually, we would like to keep the strong inter site interactions (that give rise to the dynamic bosonic bath) while promoting a single mode in the static pairing channel in order to give it the chance to condense. We do so, by singling out the static, attractive pairing interaction between the paring operators∆ †
We rewrite the spin-spin interaction as
where the repeated indices α, β, γ, δ are summed over.
Here in the first step we separated out the pairing interaction, and then further separated out the static mode of the pairing interaction in the second step. We then introduce a Hubbard-Stratonovich transformation to decouple the attractive interaction in the pairing channel.
We note that if we choose to decouple the first term of equation (45) -instead of that of equation (46) and then make the approximation that the HubbardStratonivich field is constant as a function of τ (i.e. keeping only the static mode of the Hubbard-Stratonivich field), we would arrive at exactly the RHS of equation (47). Thus we see that by separating out the static mode before rather than after the Hubbard-Stratonivich decoupling, the non-static modes of the pairing interaction will be absorbed in the second term in equation (46) . This term is interpreted as the remaining spin-spin interaction.
Now we take the saddle point approximation of ∆ and follow the steps in section II A to carry out a generalized cavity construction. Up to additive constants, we obtain the effective cluster action,
The saddle point equation leads to an additional self consistent equation for the superconducting order parameter
where the average is taken with respect to the effective cluster model in equation (48). The additional term in the action, δS represents all the modifications in the effective action caused by separating the zero frequency pairing interaction. The exact expression of δS can be found in the Appendix B. We see from the expression there that all terms in δS are suppressed by factors of 1/(Jβ); therefore, at sufficiently low temperatures including the quantum critical regime, δS can be safely neglected. In the following we only consider the low temperature limit and make the approximation that δS ≈ 0. Working in this approximation, the self consistence conditions for both G It is useful to note that this approach can also be formulated in momentum space. Using the DCA Fourier transform defined in equation (25) Q . In addition, this leads to periodic boundary condition on the cluster in real space.
B. Heisenberg Spin Interaction
We now consider the case of an AF Heisenberg spin spin interaction I ij . The derivation proceeds in parallel with the previous Ising case. Here, we separate out the singlet term with an attractive interaction
we have defined the singlet creation operator between sites i and j as∆ †
and its hermitian conjugate∆ ij = (c j↓ c i↑ − c j↑ c i↓ ) / √ 2. As before, we then introduce a static HubbardStratonovich field to decouple the singlet interaction ∆ † ij∆ ij , the saddle point equation for ∆ ij now becomes
with an effective action,
Again, we have not allowed the single particle Weiss field to become polarized from the finite superconducting order parameter. The Heisenberg isolated cluster action S 0 C,H , is equation (14) with J α c = 0 for α = 0 and J α c = I c for α = 1, 2, 3. We have also ignored the additional part of the action δS H that is suppressed by a factor of 1/(Jβ) (see the appendix for a discussion of the Ising case). We remark that it is possible to use this formalism to describe states that have both magnetic order and superconductivity by including a finite h loc as described in section III.
C. Pairing Susceptibility
In this section we derive the zero momentum lattice pairing susceptibility χ SC (iν n ) ≡ χ lat pair (q = 0, iν n ) de-fined as
where N (z/2) is the number of bonds in the lattice, with z being the number of nearest neighbors. We will focus on the case of an Ising spin interaction J ij but this can be easily generalized to the case of a Heisenberg interaction. We first project the superconducting gap onto a particular symmetry channel assuming the gap amplitude ∆ 0 is uniform across each bond, i.e. ∆ XσYσ = f XY g σσ ∆ 0 (and complex conjugate ∆ *
, where the phase factor in real space is given by f XY and that in spin space is g σσ , and they have the property
The procedure is similar to that described in section III A for magnetism, although here we have to project into a particular symmetry channel (through f ij , g σσ ). We arrive at the following expression for the zero momentum lattice pairing susceptibility.
where we have defined the effective pairing interaction 1/J SC = 
where N b = X,Y is the number of individual bonds in the cluster. Previous treatments of two particle response functions in various cluster theories demands much more computational effort because it involves the inversion of the Bethe-Salpeter equation, which is in principle a matrix equation of infinite dimension in the space of three wave vectors and frequencies. In our approach, the cluster susceptibilities completely determine the corresponding lattice quantities.
We note that this can also be formulated in momentum space after the symmetry factors are first coarse grained in momentum spacef (K) = N c /N k f (k + K) (where f (k) is the Fourier transform of f ij ) and then Fourier transformed to real cluster spacef
In this case, the coarse grained symmetry factors no longer have to satisfy |f XiXj | 2 = 1, and as a result the effective pairing interaction becomes
XiXj . In the appendix, we contrast this expression with the result of allowing the single particle Weiss field to acquire anomalous terms. In this case, we find additional contributions, corresponding to the particle particle bubble which only contributes if specialq's exist.
V. EFFECTIVE CLUSTER MODELS
The formalism we have discussed so far also applies to a variety of strongly correlated problems aside from the Hamiltonian we have been considering in equation (1) . One such example is a two band model, namely the Anderson lattice Hamiltonian appropriate for the description of heavy fermion materials 4 . The model describes a band of conduction electrons hybridized with a band of localized, highly correlated f -electrons and is defined as
As usual, we have explicitly included an Ising RKKY interaction between the f -electron spins. The RKKY and Kondo interactions compete, and tuning their ratio can lead to a quantum phase transition between a heavy Fermi liquid and an antiferromagnet. In certain cases, the QCP is of the SDW type, where the heavy quasiparticles remain intact across the transition and undergo a SDW transition. In other cases, the SDW description fails, and the physics of critical Kondo destruction comes into play. Focusing on the normal state properties, applying the extended dynamical cluster theory of section II B in momentum space we arrive at the effective cluster action
For the case of 2-d AF exchange fluctuations, the divergence of the spin susceptibility at the ordering wave vector implies [through the self consistent equation (30) ] that the local spin susceptibility with cluster momentum Q or is also (logarithmically) divergent 17 . This leads to a spin Weiss field associated with the critical momentum channel χ 0 (Q AF , iν n ) that develops a sub-ohmic spectral density Imχ 0 (Q AF , ω + 0 + ) ∼ ω s . Based on universality, we can regard the effective cluster model in equation (58) with a sub-ohmic density of states for the ordered channel, as an effective model that contains both Kondo destruction and pairing correlations induced from AF exchange interactions. For the simplest case of N c = 2, and keeping only the critical degrees of freedom [i.e. only the Wiess field in the ordered channel χ 0 (Q AF , iν n )] we arrive at a simplified model to study pairing correlations near a Kondo destroyed QCP. This model was proposed and solved in ref. 36 using a combination of continuous time quantum Monte Carlo and the numerical renormalization group. It was shown that the cluster pairing susceptibility χ loc pair is enhanced at the Kondo destruction QCP. It will be important to consider the full self consistent solution and determine if local quantum criticality with Kondo destruction survives finite size cluster corrections and if so, how large χ SC is near the local QCP.
Another strongly correlated problem of central interest is the extended Hubabrd model, which adds to the standard Hubbard model an intersite density-density interaction. We note in passing that incorporating a spin orbit coupling can lead to topologically non-trivial ground states in the presence of interactions 37, 38 . The extended Hubbard model is thought to be the appropriate model to describe certain types of organic superconductors, stripe charge order in the cuprates and different types of Mott transitions. In addition, when the intersite interaction is attractive (V ij < 0), the model may also feature intersite pairing and, in the presence of a spin-orbit coupling, topological superconductivity 39 . It is defined as
where we have generalized the tight-binding hopping terms to a spin dependent hopping matrix t αβ ij ; this form is sufficiently general to allow for a spin orbit coupling term and keep i, j that are not necessarily nearest neighbors. Tuning the ratio of U/V can lead to a variety of quantum phase transitions between a Fermi liquid, a band insulator, and a Mott insulator. Whereas tuning the strength of the spin orbit coupling can lead to topological transitions between a band and topological insulator. Applying the formalism of section II A leads to the effective cluster action
Studying the different types of quantum phase transitions in the effective cluster model alone [i.e., without implementing the self-consistency] can lead to significant new insights regarding behavior of the QCPs in the lattice problem. In other words, the effective cluster model of equation (59) serves as a simplified model that can provide insights into different types of Mott transitions, superconductivity and even interacting topological phase transitions.
VI. DISCUSSION
In this work we have derived a cluster EDMFT formulation by a locator expansion about a dressed cluster limit. An alternative derivation can also be done using a Baym-Kadanoff functional 22, 30 . In this case the generating functional of the grand potential is (focusing on one of the two particle channels)
with the stationary conditions δΓ/δG = δΓ/δχ = 0. The self energies are then given by δΦ
Within the cluster approximation, the self energies are calculated from an effective cluster model. Therefore, the approximation that the functional Φ is only a functional of G loc and χ loc leads to the cluster EDMFT equations. Therefore, analogous to the EDMFT approach 14,15 , the C-EDMFT approach is also conserving 40 . The self consistent cluster dynamical mean field equations form a set of highly non-linear equations. Their solution requires an accurate and reliable solution of the cluster impurity model, which is iteratively solved. Due to the self consistent dynamical Weiss fields there are limited analytical tools and computational methods that are suitable. The cluster model can be solved using the exact diagonalization (ED), the numerical renormalization group (NRG), the density matrix renormalization group (DMRG) and quantum Monte Carlo methods.
Including bosonic baths in diagonalization based techniques can be done, but it requires a truncation of the infinite bosonic Hilbert space. The recently developed continuous time quantum Monte Carlo (CT-QMC) has the advantage that the bosons are traced out and the algorithm is numerically exact. These methods have been adapted to treat scalar bosonic baths that interact with the impurities charge 41, 42 or spin 43,44 degrees of freedom. Recently, the hybridization expansion has been generalized to incorporate a vector bosonic bath 45 and in the presence of more then one impurity 36 . From a computational perspective, solving the cluster impurity models represents the most extensive efforts of solving the self consistent equations. In the presence of a phase transition, the number of iterations necessary to solve the equations can become quite large due to a "critical slowing down". In this case, it is very useful to use mixing techniques that are well known in the context of density functional theory, in order to reduce the number of iterations that are needed to achieve self consistency 46 .
VII. CONCLUSIONS
In this manuscript we have presented a new cluster extended dynamical mean field approach. We have developed the equations in both real and momentum space, incorporating magnetic order and superconductivity. We have also determined the form of the superconducting correlation functions in the normal state. We have then used the formalism to derive effective cluster models that are relevant to heavy fermion metals and Mott-Hubbard systems. In particular, this formulation for unconventional superconductivity is expected to play a central role to the study of quantum critical heavy fermion metals.
The effect of ∆S 2 (o) is to modify the one particle Weiss field. The other two terms modify the interactions by generating a general two particle interaction which is nonlocal in time. In contrast to the standard Weiss fields [as in equation (13)], each term contains an additional factor of 1/β, and the last term carries a factor of 1/β 2 . This implies each term is suppressed by at least a factor of 1/(Jβ) relative to the standard Weiss fields, and 1/(Jβ) can serve as a small parameter for sufficiently low temperatures. In the zero temperature limit, all three terms vanish and do not affect any of the quantum critical properties.
IX. APPENDIX B
Here we discuss when happens when the single particle Weiss fields become polarized by a finite magnetic or superconducting order parameter. In the following, we focus on the momentum space formulation. We show that the additional terms (particle hole or particle particle bubble contributions) come from a polarized single particle Weiss field. Our considerations here parallel those for EDMFT discussed in ref. 33 .
A. Magnetism
We first discuss the case of magnetic order, with an order parameter finite in the z-direction. Allowing the magnetic order parameter to polarize the single particle Weiss field we obtain an effective cluster action 0,Kσ is different for different spin components and h loc is given by equation (35) . As a result, the expression for the lattice spin susceptibility has changed, focusing on the static spin susceptibility we obtaiñ χ(Q or , iν n = 0) = 1 + δI h 1/χ or (iν n = 0) − δI M
where δI M is
In addition, we have defined δI h , which is equivalent to δI M , with M replaced with N c /N h Qor,n=0 and the derivative is evaluated at h Qor = 0.
We can compare our result to that of DCA 22 , and conclude that the additional contribution δI comes from the particle hole contribution associated with the specialq's.
B. Superconductivity
We now consider allowing the finite superconducting order parameter to "polarize" the single particle Weiss fields, i.e. introduce anomalous terms. We take the saddle point approximation of ∆ and carry out a generalized cavity construction . Up to additional constants, we obtain the effective cluster action , and we adopt the Nambu-Gorkov formalism: G Ψloc (τ ) = − T τ Ψ(τ )Ψ † . We use the subscript Ψ to label a 2x2 matrix in Nambu space where each element is a matrix in cluster indices. Now the single particle Weiss field has additional anomalous terms
The spin Weiss field χ −1 0,XY (τ −τ ′ ) assumes the same form as equation (16) when expressed in terms of the cavity correlation function. As we have discussed in the main text, the additional term in the action, δS represents all the modifications in the effective action caused by separating the zero frequency pairing interaction. Again, in the following, we only consider the low temperature limit and make the approximation that δS ≈ 0.
To determine the one particle weiss field G −1 0Ψ , we perform a cumulant expansion in inter cluster interactions. Similar to the intersite interactions, we begin by separating ∆ iσ,jσ also into intra and inter cluster parts ∆ σσ (r i − r j ) = ∆ cσσ δ ri,rj + δ∆ σσ (r i − r j ). This naturally arises from a locator expansion in δJ after we rescale δ∆ σσ (r i − r j ) by δJ(r i − r j ), which leads to a single particle Greens function in Nambu space
. (72)
The single particle cumulant is now C −1 GΨ (iω n ) = (iω n + µ)τ 3 ⊗ 1 − T cΨ − Σ Ψ (iω n ) (73)
